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Abstract

Fully developed mixed convection of a nanofluid (water/Al2O3) has been studied numerically. Two-phase mixture model has been
used to investigate the effects of nanoparticles mean diameter on the flow parameters. The calculated results demonstrate that the con-
vection heat transfer coefficient significantly increases with decreasing the nanoparticles means diameter. However it does not signifi-
cantly change the hydrodynamics parameters. Nanoparticles distribution at the tube cross section shows that the non-uniformity of
the particles distribution augments when using larger nanoparticles and/or considering relatively high value of the Grashof numbers.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In order to manage the growing demand from different
industries, heat exchanger devices have to be small in size,
light in weigh and of high performance. Low thermal con-
ductivity of conventional heat transfer fluids such as water,
oil, and ethylene glycol mixture is a serious limitation in
improving the performance and compactness of these engi-
neering equipments. To overcome this disadvantage, there
is a strong motivation to develop advanced heat transfer flu-
ids with substantially higher thermal conductivity. An inno-
vative way of improving the thermal conductivities of fluids
is to suspend small solid particles in the fluid. Various types
of powders such as metallic, non-metallic and polymeric
particles can be added into fluids to form slurries. By
improving the technology to make particles in nanometer
dimensions, a new generation of solid–liquid mixture that
is called nanofluid, was appeared (Choi, 1995). The nano-
fluid is a new kind of fluid containing small quantity of
nano-sized particles (usually less than 100 nm) that are uni-
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formly and stably suspended in a liquid. The dispersion of a
small amount of solid nanoparticles in conventional fluids
changes their thermal conductivity remarkably.

Some benefits of nanofluids that make them useful are: a
tiny size, along with a large specific surface area, high effec-
tive thermal conductivity and high stability and less
clogging and abrasion (Wen and Ding, 2004). Thermal
conductivity of nanofluid has been measured with several
nanoparticles volume fraction, material and dimension in
several base fluids and all findings show that thermal con-
ductivity of nanofluid is higher than the base fluids.

Lee et al. (1999) have demonstrated that oxide ceramic
nanofluids consisting of CuO or Al2O3 nanoparticles in
water or ethylene glycol exhibit enhanced thermal conduc-
tivity. For example, using Al2O3 particles having mean
diameter of 13 nm at 4.3% volume fraction increase the
thermal conductivity of water under stationary conditions
by 30% (Masuda et al., 1993). On the other hand, larger
particles with an average diameter of 40 nm led an increase
of less than 10% (Lee et al., 1999). Furthermore, the effec-
tive thermal conductivity of metallic nanofluid increase by
up to 40% for the nanofluid consisting of ethylene glycol
containing approximately 0.3% volume Cu nanoparticles
of mean diameter less than 10 nm (Estman et al., 2001).
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Nomenclature

Cf peripherally average skin friction coefficient
Cp specific heat (J/kg K)
D tube diameter (m)
dp nanoparticle diameter (nm)
df molecular diameter of base fluid
E energy (J/kg)
g gravitational acceleration (m s�2)

Gr Grashof number ð¼ gbeff q00D4

Keff t2
eff

Þ
h convection heat transfer coefficient

ð¼ q00

T w�T b
ðW=m2 KÞÞ

K thermal conductivity (W/m K)
Kb Boltzmann constant (=1.3807e�23 J/K)
Nu peripherally average Nusselt number

¼ q00D
keff ðT w�T bÞ

� �
P pressure (pa)
Pr Prandtl number ð¼ teff

aeff
Þ

q00 uniform heat flux (W/m2)
r radial direction
r0 tube radial (m)
Re Reynolds number ð¼ V mD

meff
Þ

Ri Richardson number (=GrRe�2)
T temperature (K)

V velocity (m s�1)
Z axial direction

Greek letters

a thermal diffusivity
b volumetric expansion coefficient (K�1)
h angular coordinate
/ volume fraction
U arbitrary variables
l Dynamic viscosity (N s m�2)
m kinematic viscosity ð¼ leff

qeff
ðm2 s�1ÞÞ

q density (kg m�3)

Subscripts

b bulk
dr drift
eff effective
f base fluid
k summation index
m mixture
0 inlet condition
p particle
w wall
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Different concepts have been proposed to explain this
enhancement in heat transfer. Xuan and Li (2000) and
Xuan and Roetzel (2000) have identified two causes of
improved heat transfer by nanofluids: the increased ther-
mal dispersion due to the chaotic movement of nanopar-
ticles that accelerates energy exchanges in the fluid and the
enhanced thermal conductivity of nanofluid. On the other
hand Keblinski et al. (2002) have studied four possible
mechanisms that contribute to the increase in nanofluid
heat transfer: Brownian motion of the particles, molecu-
lar-level layering of the liquid/particles interface, ballistic
heat transfer in the nanoparticles and nanoparticles clus-
tering. Similarly to Wang et al. (1999), they showed that
the effects of the interface layering of liquid molecules
and nanoparticles clustering could provide paths for rapid
heat transfer. Numerous theoretical and experimental
studies have been conducted to determine the effective
thermal conductivity of nanofluids. However, studies
show that the measured thermal conductivity of nanofluid
is much larger than the theoretical predictions (Choi et al.,
2001; Zhang et al., 2007). Many attempts have been made
to formulate efficient theoretical models for the prediction
of the effective thermal conductivity (Xue, 2003; Xuan
et al., 2003; Jang and Choi, 2004; Chon et al., 2005).
Chon et al. (2005) reported an experimental correlation
for the thermal conductivity of Al2O3 as a function of
nanoparticles size and fluid temperature. They showed
that the Brownian motion of nanoparticles constitutes a
key mechanism of the thermal conductivity enhancement
with increasing temperature and decreasing nanoparticles
size.

As nanofluids are rather new, relatively few theoretical
and experimental studies have been reported on convective
heat transfer coefficient in confined flows. Pak and Cho
(1998) and Xuan and Li (2000, 2003) obtained experimen-
tal results on convective heat transfer for laminar and tur-
bulent flow of a nanofluid inside a tube. They produced the
first empirical correlations for the Nusselt number using
nanofluids composed of water and Cu, TiO2 and Al2O3

nanoparticles. The results indicate a remarkable increase
in heat transfer performance over the base fluid for the
same Reynolds number.

Because of the fact that heat transfer occurs on the par-
ticle surface, it is expected that the nanofluids show better
thermal property in comparison with conventional heat
transfer fluids and also other fluids which consist of
macro-size particles.

For instance, it can be expressed that, contact surface rel-
ative to volume fraction for particles with 10 nm diameter,
is 1000 times as much as particles with 10 lm. Nanoparti-
cles high contact surface in comparison with larger parti-
cles, not only causes to improve heat transfer ability but
also increases stability (Masuda et al., 1993). Xuan and Li
(2000) compared two kinds of nanofluid that one consisted
in copper nanoparticles with 100 nm in diameter, and other
consisted in copper nanoparticles with 10 nm in diameter.
They showed that thermal conductivity of nanofluid which
included smaller particles is higher than the one which is
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made by larger particles. This is also confirmed with the
recent works of Li and Peterson (2007). They showed that
the thermal conductivity enhancement of the two nanofl-
uids demonstrated a nonlinear relationship with respect to
temperature, nanoparticles volume fraction, and nanoparti-
cles size. In addition they found the importance of the nano-
particles size on the effective thermal conductivity.

Convective heat transfer with nanofluids can be modeled
using the two-phase or single phase approach. The first
provides the possibility of understanding the function of
both the fluid phase and the solid particles in the heat
transfer process. The second assumes that the fluid phase
and particles are in thermal and hydrodynamic equilib-
rium. This approach is simpler and requires less computa-
tional time. Thus it has been used in several theoretical
studies of convective heat transfer with nanofluids (Maiga
et al., 2004; Khanafer et al., 2003; Koo and Kleinstreuer,
2005; Akbari and Behzadmehr, 2007; Akbarinia and Beh-
zadmehr, 2007). However, due to the fact that the effective
properties of nanofluids are known precisely, the numerical
predictions of this approach are, in general, not in good
agreement with experimental results. In addition, Ding
and Wen (2005) showed that the particle concentration
could only be assumed uniform if the corresponding Peclet
numbers is always less than 10. Therefore, the concerns in
single phase modeling consist in selecting the proper effec-
tive properties for nanofluids and taking into account the
chaotic movement of ultra fine particles. To partially over-
come this difficulty, some researches (for instance, Xuan
and Li, 2003; Xuan and Roetzel, 2000) have used the dis-
persion model which takes into account the improvement
of heat transfer due to the random movement of particles
in the main flow.

Due to several factors such as gravity, friction between
the fluid and solid particles and Brownian forces, the phe-
nomena of Brownian diffusion, sedimentation, and disper-
sion may coexist in the main flow of a nanofluid. This
means that the slip velocity between the fluid and particles
may not be zero (Xuan and Li, 2003); therefore it seems
that the two-phase approach could better model nanofluid
behaviors. Recently Behzadmehr et al. (2007) studied the
turbulent forced convection of a nanofluid in a circular
tube by using a two-phase approach. Their comparison
with the experimental results showed that the two-phase
mixture model is more precise than the single phase model.
Therefore, Mirmasoumi and Behzadmehr (in press) studied
the laminar mixed convection of a nanofluid in a horizontal
tube using two-phase mixture model and showed the effects
of particles volume fractions on the nanofluid thermal and
hydrodynamic parameters.

Mixed convection in horizontal tubes at macro-size has
been interested by many industries. Therefore, it has been
studied extensively (for instance Mori et al., 1966; Petuk-
hov et al., 1969; Cheng and Yuen, 1985; Barozzi et al.,
1998; Ciampi et al., 1986; Zhang, 1992; Hwang and Lai,
1994). Heat transfer enhances in such a condition because
of secondary flow that is generated by the buoyancy force.
Buoyancy force significantly affects the flow field, for
instance at the fully development region, the maximum
axial velocity does not appear at the tube centerline and
radial variation of the temperature becomes important.

Following to our recent work (Mirmasoumi and Beh-
zadmehr, in press), the present paper is investigated the
effects of the nanoparticles’ size on the thermal and hydro-
dynamic parameters of a laminar mixed convection. There-
fore, for a given nanoparticles volume fraction, the effects
of nanoparticles mean diameter, are presented over wide
range of Re–Gr. In addition, the nanoparticles distribu-
tions at the tube cross section are shown and discussed.

2. Mathematical formulation

2.1. Mixture model

The mixture model, based on a single fluid two-phase
approach, is employed in the simulation by assuming that
the coupling between phases is strong and particles closely
follow the flow. The two phases are assumed to be inter-
penetrating, meaning that each phase has its own velocity
vector field, and within any control volume there is a vol-
ume fraction of primary phase and also a volume fraction
of the secondary phase. Instead of utilizing the governing
equations of each separately, the continuity, momentum
and energy equations for the mixture are employed. A
nanofluid composed of water and Al2O3 nanoparticles
flowing in a long tube with uniform heating at the wall
boundary is considered. The physical properties of the fluid
are assumed constant expect for the density in the body
force, which varies linearly with the temperature (Bous-
sinesq’s hypothesis). Dissipation and pressure work are
neglected. Therefore, the dimensional equations for steady
state mean conditions are

Continuity equation:

r � ðqeffV mÞ ¼ 0 ð1Þ

Momentum equation:

r � ðqeff;0V mV mÞ ¼ �rP þr � ½s� � qeff ;0beffðT � T 0Þg

þr �
Xn

k¼1

/kqkV dr;kV dr;k

 !
ð2Þ

Energy equation:

r �
Xn

k¼1

ðqkckÞ/kV k T

" #
¼ r � ðkeffrT Þ ð3Þ

Volume fraction:

r � ð/pqpV mÞ ¼ �r � ð/pqpV dr;pÞ ð4Þ

where

V m ¼
Pn

k¼1/kqkV k

qeff

ð5Þ

s ¼ leffrV m ð6Þ
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Fig. 1. Grid independence test (a) centerline axial velocity, (b) fully
developed temperature.

Fig. 2. Comparison of the axial evolution of Nu in a horizontal tube with
the corresponding experimental results of Cheng and Yuen (1985).

560 S. Mirmasoumi, A. Behzadmehr / Int. J. Heat and Fluid Flow 29 (2008) 557–566
are the mean velocity and shear, respectively, and / is the
volume fraction of phase k.

In Eq. (2), Vdr,k is the drift velocity for the secondary
phase k, i.e. the nanoparticles in the present study.

V dr;k ¼ V k � V m ð7Þ

The slip velocity (relative velocity) is defined as the velocity
of a secondary phase (p) relative to the velocity of the pri-
mary phase (f):

V pf ¼ V p � V f ð8Þ

The drift velocity is related to the relative velocity:

V dr;p ¼ V pf �
Xn

k¼1

Ukqk

qm

V k ð9Þ

The relative velocity is determined from Eq. (10) proposed
by Manninen et al. (1996) while Eq. (11) by Schiller and
Naumann (1935) is used to calculate the drag function
fdrag.

V pf ¼
qpd2

p

18lf f drag

ðqp � qmÞ
qp

a ð10Þ

fdrag ¼
1þ 0:15Re0:687

p Rep 6 1000

0:0183Rep Rep � 1000

(
ð11Þ

The acceleration (a) in Eq. (10) is

a ¼ g � ðV m � rÞV m ð12Þ

It should be mentioned that other correlations are also
found in the literature for calculating the drag coefficient
for instance (Ossen, 1913; Proudman and Pearson, 1957;
Clift and Gauvin, 1970). Ossen (1913) developed a correla-
tion which is adequate for Rep < 0.5. Proudman and Pear-
son (1957) presented a higher order approximate solution
which is reasonable up to Rep = 4. A more accurate expres-
sion is given by Clift and Gauvin (1970) for Rep < 2 � 105.
While the Schiller and Naumann (1935) drag expression is
quite simple and accurate for Rep < 800.

These correlations for calculating drag force were not
developed for the nano-size particles. However, since Rep

is very low and the flow regime is considered laminar, we
assume, it is reasonable to use such a correlation in the
absence of a particular correlation for the nano-size
particles.

The physical properties in the above equation are

Effective density:

qeff ¼ ð1� /Þqf þ /qp ð13Þ

Chon et al. (2005) correlation which considers the Brown-
ian motion and nanoparticles mean diameter has been used
for calculating the effective thermal conductivity

Keff

K f

¼ 1þ 64:7� /0:7460 d f

dp

� �0:3690 Ks

K f

� �0:7476

� Pr0:9955 � Re1:2321 ð14Þ



Fig. 3. Comparison of dimensionless temperature with the numerical
results of Choudhury and Patankar (1988).
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where Pr and Re in Eq. (14) are defined as

Pr ¼ l
qBFa

ð15Þ

Re ¼ qBFKbT
3pl2lBF

ð16Þ

lBF is the mean free path of water, Kb is the Boltzman con-
stant (1.3807 � 10�23 J/K) and l is calculated by the fol-
lowing equation:

l ¼ A� 10
B

T�C; A ¼ 2:414e� 5; B ¼ 247; C ¼ 140

ð17Þ

Effective viscosity of water–Al2O3 nanofluid (Maiga et al.,
2004):

leff ¼ ð123/2 þ 7:3/þ 1Þlf ð18Þ

This was presented for water–Al2O3 nanofluid based on
available experimental results in the literature.
r=20000 dP=120 nm , Gr=20000

r=90000 dP=120 nm , Gr=90000

=170000 dP=120 nm , Gr=170000

erent Ri (or Gr) and dp at Re = 300.
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Thermal expansion coefficient (Khanafer et al., 2003):

beff ¼
1

1þ ð1�/Þqf

/qs

bs

bf

þ 1

1þ /qs

ð1�/Þqf

" #
� bf ð19Þ
1819

17
17

7
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1515

Level Volume fraction of phase-2
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2.2. Boundary condition

This set of nonlinear elliptical governing equation has
been solved subject to the following boundary conditions:

– At the tube inlet (Z=0):

V mz ¼ V 0; V mh ¼ V mr ¼ 0; T ¼ T 0 ð20Þ

– At the fluid–solid interface (r = D/2):

V mr ¼ V mh ¼ V mz ¼ 0 and � K
oT
or
¼ q00w ð21Þ

– At the tube outlet: the diffusion flux in the direction nor-
mal to the exit plan is assumed to be zero for all vari-
ables and an overall mass balance correction is also
applied.
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Fig. 5. Contours of nanoparticles distribution at fully developed region,
Re = 300, / = 4% and Gr = 2 � 104.
2.3. Numerical method and validation

This set of coupled nonlinear differential equation was
discretized with the control volume technique. For the con-
vective and diffusive terms a second order upwind method
was used while the SIMPLEC procedure was introduced
for the velocity–pressure coupling. The discretization grid
is uniform in the circumferential direction and non-uni-
form in the other two directions. It is finer near the tube
entrance and near the wall where the velocity and temper-
ature gradients are large. Several different grid distributions
have been tested to ensure that the calculated results are
grid independent. The selected grid for the present calcula-
tions consisted of 160, 36 and 36 nodes, respectively, in the
axial, radial and circumferential directions. As shown in
Fig. 1a and b, increasing the grid numbers does not signif-
icantly change centerline axial velocity and also the fluid
temperature, respectively, along the tube length and at
the fully developed region. Other axial and radial profiles
were also verified to be sure the results are grid
independent.

In order to demonstrate the validity and also precision
of the model and numerical procedure, comparisons with
the available experimental and numerical simulation have
been done. Fig. 2 shows the comparison of the calculated
results with the experimental results of Barozzi et al.
(1998) in a horizontal tube. Axial evolution of the Nusselt
number at different Rayleigh numbers was compared.
Good agreement between the results is seen. Another com-
parison has also been performed with the numerical results
obtained by Choudhury and Patankar (1988). Axial evolu-
tion of the dimensionless temperature (peripherally aver-
aged temperature) along the tube length is in good
concordance with the present results (see Fig. 3). It should
be mentioned that our numerical results are obtained using
the two-phase mixture model considering a very small vol-
ume fraction for the solid particles. Therefore the numeri-
cal procedure is reliable and can predict developing mixed
convection flow in a horizontal tube.

3. Results and discussion

Numerical simulations have been done over a wide
range of Re, Gr, particle volume fraction and particle diam-
eter. However, the results are presented at Re = 300 for
three different Grashof numbers (corresponding to the



S. Mirmasoumi, A. Behzadmehr / Int. J. Heat and Fluid Flow 29 (2008) 557–566 563
Richardson numbers equal to 0.22, 1 and 1.9), and for
three particle mean diameter (spherical shape) with 4% par-
ticles volume fraction. Maximum Grashof number (or wall
heat flux) at each Reynolds number are limited by the value
of increasing the bulk temperature. This value respects the
suggested criteria for validation of the Boussinesq approx-
imation (Nesreddine et al., 1997).

For a given Re and a nanoparticles volume fraction (/
= 4%) and three different values of the Al2O3 particles
diameter (10, 40 and 120 nm), vectors of secondary flow
at fully developed region are presented in Fig. 4 for three
Grashof numbers (Ri = 0.22, 1 and 1.9). Mean flow rises
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Fig. 6. Contours of nanoparticles distribution at fully developed region,
Re = 300, / = 4% and Gr = 9 � 104.
to the top of the tube and falls down slowly toward the cen-
tre (through the vertical plane) because of the buoyancy
force. Therefore, a secondary flow pattern appears at the
tube cross section and creates a circular cell. The position
of the cell depends on the buoyancy force and the inertia
of the secondary flow at the vertical plane (symmetry
plane).

It is seen that the nanoparticles mean diameter does not
have significant effect on the secondary flow. However, this
secondary flow could strongly affect the distribution of the
nanoparticles as shown in Figs. 5–7. It should be mentioned
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that the correlations which have been used to calculate the
particles relative velocity are those that were developed for
micro and milli size particles. It could qualitatively show
particles distribution because of different forces in the tube.
Figs. 5–7 show the contours of the nanoparticles distribu-
tion at the fully developed region for Re = 300, / = 4%
and three different nanoparticles mean diameter (dp =
10 nm, 40 nm, 120 nm) at the three Grashof numbers. In
general, the nanoparticles concentration is higher at the
wall vicinity for which the viscous forces are important.
At the proximity of top wall of the tube, the nanoparticles
concentration decreases as result of the secondary flow at
the tube cross section. For the particles with small mean
diameter, this variation is not significant and thus uniform
particles distribution could be considered. While, increasing
the nanoparticles mean diameter, non-uniformity on the
particles distribution becomes more important. Increasing
the Grashof number intensifies non-uniformity of the parti-
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Fig. 8. Axial evolution of peripherally averaged convective heat transfer
coefficient along the tube length.
cles distributions and could also affect the particles distribu-
tion even for a nanofluid with a small mean diameter.

As they are shown, for the particles with very small
diameter (dp = 10 nm and 40 nm) and with relatively low
Richadson number the particles distribution is fairly uni-
form and single phase approach could be well adopted.
While increasing the nanoparticles mean diameter and/or
Grashof numbers non-uniformity on the particles distribu-
tion becomes important and thus single phase approach
could not well predicted the flow parameters. Many
researches have been shown that the presence of nanopar-
ticles could significantly increases the heat transfer coeffi-
cient. On the other hand, the effect of particles size on
the heat transfer phenomena has not been studied so much.
Fig. 8 shows the effect of mean diameter of the nanoparti-
cles on the convective heat transfer coefficient along the
tube length for a given particles volume fraction (/
= 4%) at two different Grashof numbers. In all cases, the
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Fig. 9. Axial evolutions of peripherally averaged skin friction coefficient
along the tube length.
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convective heat transfer coefficient decreases at the tube
entrance and then goes monotonically to its asymptotic
value further downstream. Convective heat transfer coeffi-
cient increases with decreasing the nanoparticles mean
diameter. This tendency is also seen for different particles
volume fraction but not present. In spite of considerable
heat transfer augmentation, skin friction coefficient is not
significantly affected by the nanoparticles mean diameter.
This is shown in Fig. 9.

4. Conclusion

Fully developed laminar mixed convection of a nano-
fluid consisting of water and Al2O3 has been studied
numerically. Two-phase mixture model has been used to
investigate numerically the effect of nanoparticles mean
diameter on the hydrodynamic and thermal parameters.
Using particles with smaller diameter increases the unifor-
mity of the particles distribution at the tube cross section.
While, increasing nanoparticles mean diameter and/or
Grashof numbers could result non-uniform distribution
for which the single phase approach no longer would be
precise. It is shown that the convective heat transfer coeffi-
cient could be significantly increased by using particles with
smaller mean diameter while the skin friction coefficient
does not notably change.
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